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ABSTRACT 
It is well known that the ideal classes of an order Z[ ~1, generated over 2 by the 
integral algebraic number p, are in a bijective correspondence with certain matrix 
classes, that is, classes of unimodularly equivalent matrices with rational integer 
coefficients. If the degree of p is > 3, we construct explicitly a particularly simple 
ideal matrix for an ideal which is a product of different prime ideals of degree 1. We 
obtain the following special n X n matrix (cii) in the matrix class corresponding to the 
ideal class of our ideal: cj + i i = 1 (i = 1,. . . , 
i#j+l); c”!=o (j=2,..., ’ 
n-2);cij=O(1<i<n, l< j<n-2,and 
n - 1). The remaining coefficients are given as explicit 
polynomials in an integer z which depends on the ideal, It is shown that the matrix 
class of every regular ideal class of Z[ ~1 contains a special matrix of this kind. 
1. INTRODUCTION AND NOTATION 
The purpose of this note is to prove a version of a theorem discovered by 
Ochoa, stated in his paper [3] with assumptions which are not sufficient to 
yield the result. His proof seems to contain a gap. We do not try to fill the 
gap, but use instead a different method, namely the left Her-mite normal 
form for certain ideal matrices. 
Throughout this paper, E = 2” x n will denote the ring of n X n matrices 
with rational integer coefficients, and we suppose n > 3. The unit group of E 
is the general linear group E* = Gl(n,Z) of matrices in E with determinant 
+ 1. 
We start from a polynomial 
f(X)=X”+k,X”-l+- +k, (1) 
LINEAR ALGEBRA AND ITS APPLICATIONS 17, 181-188 (1977) 
0 Elsevier North-Holland, Inc., 1977 
181 
182 HANS P. REHM 
with integer coefficients k,, . . . , k,,. f(X) is the minimal polynomial of its 
companion matrix 
P= 
-k, -k, -k, ... -k,,_,-k,,_, -k, 
1 0 0 .‘. 0 0 0 
0 1 0 . . . 0 0 0 
b b b . . . ; b b 
0 0 0 a** 0 1 0 
1 
L 
e, denotes the subring of E, generated by p, that is 
e,=Z+Zp+ . . * +Zpnpl 
(2) 
(3) 
(we identify z EZ with z times the unit matrix in E throughout). e,, is a 
commutative subring of E. 
2. A SIMPLE IDEAL MATRIX FOR PRIME IDEALS OF DEGREE 1 
PROPOSITION 1. Let p be a prime number, a an ideal of e,. Then the 
following assertions are equivalent: 
(i) (ep : a) = p. 
(ii) There exists a rational integer z such that a =e,( y -2) +e;p, and 
f(z) s-0 modp. 
Note that z is uniquely determined modp by a. [According to our 
convention, p means a number in (i), whereas in e;p we interpret p as p 
times the identity matrix.] 
Proof. From (i) it follows that e,/a is a field with p elements; hence in 
the diagram 
O+ a +e -3 e,/a -3 0 
t r” t 
0 + pz + z + z/pz * 0 (4) 
t t 
0 0 
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the map Z/pZ-+e,/a obtained from the embedding Z+e, must be an 
isomorphism. There is a rational integer z, uniquely determined modp, such 
that p G z moda. This implies f(z) 3 f ( y) E 0 mod a, hence f(z) E a n Z = pZ, 
f(z)=0 modp, and a>e,(p-z)+e,p= :a’. Since p*.rz moda’, it is easily 
seen that the map Z/pZ+e,/a’ is surjective, and hence an isomorphism. 
This implies (ell : a’) = p, and a = a’. 
Assume (ii). The reasoning above shows (ep : a) = p for a = ep ( p - z) + e,p, 
as soon as we know a#e,, that is, 1 aa. But 1 Ea would entail the existence 
of an (Y me, such that 1~ a( p - z) mode,p, so ( p - z) would be invertible in 
e,Jpe,, and thus a fortiori in E/pE. This contradicts det( p - z) = ( - l)“f (z) 
~0 modp. H 
[Of course, Proposition 1 is well known, at least if e, is a maximal order 
of a number field, where an ideal satisfying (i) is called a prim ideal of 
degree 1. We shall use this term in our more general case for the ideals 
characterized in Proposition 1 even if e, contains divisors of 0.1 
A matrix K E E is called an ideal matrix of the ideal b of e, (with respect 
to the basis l,y,...,l_~.“-’ of e,), if Eb= EK (see, e.g., Taussky [5]). Since E 
has class number 1 (see Chevalley [l]), such a K exists if b contains a matrix 
of determinant #O, because then Eb is a left ideal of E in the arithmetic 
sense. In a left principal ideal EA, A E E, the matrix h is determined up to 
left factors from E* = Gl(n, Z). We are going to determine particularly simple 
ideal matrices for prime ideals of degree 1 (Theorem 1). This is prepared by 
the following: 
PROPOSITION 2. Let f (X),p,eP, E be as in the introduction, and ZEZ. 
Then E(p-z)=EX, where 
[1,_1 is the (n-l)X(n-1) unit matrix.] 
Proof. In order to obtain A from p-z we may subsequently add an 
integer multiple of a row to another row, leaving the other rows unchanged; 
we may permute rows; and we may multiply a row by - 1 (left multiplica- 
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tion by suitable matrices in Gl(n, 2) has these effects). The following 
sequence of matrices shows that h is obtained from p in this way: 
1 
0 1” 
0 0 *.* 
() . . . 
() 0 1” -_z . . . 
1 . . . 
hz:= P P P . . . 
. . 
0 0 0 0 *** 
% % u3 u4 . . . 
















-g 0 . . 1 
-2 0 . . . 
1 . . . 
0 1” . . . 
. . . 
. . 
0 0 *.- 
U3 u4 * . . 
1 0 0 -z3 0 * * 
0 1 0 -z2 0 . . 
0 0 1 -2 0 . . 
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By adding - ui times the ith row to the last row (i = 1,. . . , rz - 1) we 
eliminate ur, . . . , u,,_ 1 and obtain X as announced. Note that 
-z”-l(k,+z)= -f(z). n 
THEOREM 1. Let p,,..., p, be different prime numbers, and z~ Z such 
that f(z)-0 modp, (i=l,..., r). Define ai=e, (p-z)+e+ a=a,.... *a,, 
4=p1*. . p,. Then the following matrix K is an ideal matrix for a: 
, . . 0 
REMARK. By Theorem 1 we have constructed an especially simple ideal 
matrix for every ideal a of e,, which is a product of prime ideals ai of degree 
1 with different norms (e, : ai) = pi. For, by Proposition 1, there are rational 
integers zi such that aj =e,( p-xi) +e,p,, and f (zJ=0 modp,. If we take a 
solution z of the system of congruences z--zj modp, (i = 1,. . . , r), we have 
f(.z)=O modp,, ai=e, (p-z)+e,pj, and may apply Theorem 1. 
Proof, We show first that a = e,, ( p - z) + e,q. This is correct if r= 1. 
Using induction, we may suppose a,. * * * . a,._ i = e,, ( p - z) + e,,q’, q’ = p, * . . 
p,_ 1. Now note that e,,q’ + e,p, = e,, and hence 
as required. 
Because e,cE, we have Ee,=E, and Ea=E(p-z)+Eq=Eh+Eq 
with the h from Proposition 2. Since Eq 3 q*e if (E ii the matrix defined by 
(eii)ii=l, (eii)kl=O if k#i or i#Z), and f(z)=0 modq, it is obvious that 
EX + Eq 3 K, and hence EX + Eq 2 EK. However, EK 3 q, since there is a 
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matrix K’E E such that K’K =det~ = q. Furthermore EK sA, since h=(e” 
+... +en-l.n-1 - q-tf(z).enn)~. Therefore we conclude that Fhi- Eq C 
EK, and finally that EA + Eq = EK. n 
3. SPECIAL MATRICES IN MATRIX CLASSES 
With every root (Y of f(X) f rom (1) in E we associate the matrix class 
[a]={lx@1; a~Gl(n,Z)}. If e, is an order in an algebraic number field, 
then there is a well-known l-l correspondence between the matrix classes 
with respect to f(X), and the ideal classes of the ring ep (see Latimer and 
MacDuffee [2], Taussky [4]). 
We proceed to find a matrix with many O-coefficients in the matrix class 
[K~K -‘I, where K is the matrix of Theorem 1, obtained from the ideal a of e,. 
To do this we need not assume that Q .e,, is a field. If we define 
&) = K/JK -’
n-i-l 
fJ=li+ 2 c”~“+y (for i=l,...,n-l), 
i-1 
and recursively (x@+‘)= u~‘Y(‘)u,-’ (for i = 1,. . . ,n - l), then it is clear that 
detu, = 1, a, ~Gl(ta,Z), and ‘Y@)E[K~K-‘1. We choose for a(“-‘) the symbol 
‘p, since it depends on the ideal a of e,,, and on p. The coefficients of a~ can 
be determined by an easy, but lengthy, computation, the result of which is 
given in the following: 
THEOREM 2 (Version of Ochoa’s theorem). Let f(X),p,ep be as de- 
fined in (l), (2), and (3), and let a be an ideal of e, which is a product of 
ideals ai of e,, such that (e,, : ai) = pi are different prime numbers (i = 1,. . . , T). 
Then the matrix class [K~K -‘I corresponding to the ideal class of a contains 
the matrix 
I 
000.-* 0 un-1 x 
loo*.* 0 Un-2 0 
0 1 0 . . * 0 un-3 0 I 
OOl..’ 
%= . . . . 
0 U”_4 0 
. ’ 
I 
. . . . . . . . 
0 0 0 * * + 1 Ur 0 
: I 
ooo***o q x 
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where q=p,. ’ . p,., and z is a rational integer such that a = ep( p - z) + 
(pi...p,)e,. The element z exists by the remark following Theorem 1, is 
uniquely determined modq, and has the property f(z) s 0 modq. The 
element ui is defined by 
ui=-(Zt+k,Zi-‘+... +ki_iz+kj) for j=l,...,n, 
and x= q-‘u,. 
REMARK. q is the absolute norm of the ideal a. Further, U, = -f(z) is + 
the norm of the element p-x in a. 
We now ask the question which matrix classes contain matrices of the 
form *p given in Theorem 2. The matrix 
1 0 4 
a= 2 1 0 
/ I 0 2 1 
has the Q-irreducible minimal polynomial f (X ) = (X - 1)3 - 16 = X 3 - 3X 2 + 
3X - 17. But ucyu- ’ = ap, with u E Gl(3, Z), is impossible, as is easily seen by 
reducing mode. By Theorem 2 the ideal class of e, corresponding to the 
matrix class [a] cannot contain degree 1 prime ideals. Note that e, is not a 
maximal order in e,Q. 
Now we recall a rather deep number theoretic result. 
PROPOSITION 3. If e is the maximal order of the algebraic number field 
Qe, then every ideal class of e contains (infinitely many) prime ideals of 
degree 1. 
By the l-l correspondence of ideal classes and matrix classes this yields 
immediately the following 
THEOREM 3. If E,f (X),p,e, are a.s defined by (l), (2), and (3), f (X) is 
Q-irreducible, and e,, is a maximal order of Qee,, then every matrix class [a] 
where a E E, f(a) = 0, contains a matrix of the folm “p as given in Theorem 
0 
[In fact, infinitely many primes q are possible, and for any q the matrices 
obtained by substituting x’ for z (z’ has to be substituted in the u’s too) such 
that z’sz modq, are in the same matrix class.] 
Part of Theorem 3 can be pulled down to nonmaximal orders. Suppose 
that f(X) is Q-irreducible, and let e be the maximal order of the algebraic 
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number field Qe,. An ideal class of e, is called regular if it contains an ideal 
which is prime to the index (6 : e,J. It is known that the regular ideal classes 
form a maximal subgroup of the semigroup of all ideal classes. 
The regular classes of e, correspond to ring classes modulo the conductor 
of e, in the sense of class field theory. Since Proposition 3 is correct not only 
for ordinary ideal classes but also for the ray classes of class field theory, and 
a fortiori for ring classes, we may state the following 
THEOREM 4. Let f (X),p,e, be as defined by (l), (2), and (3), and f (X) 
be Q-irreducible. Then every matrix class corresponding to a regular ideal 
C~USS of ep contains a matrix of the form “p given in Theorem 2. 
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